Abstract We present a simple procedure concerning the application of the Kramers-Kronig relation for the validation of the laboratory measurements of the extensional attenuation and Young's modulus carried out on the solid specimens at seismic frequencies. The local approximation of the Kramers-Kronig relationship was applied to verify the seismic-frequency measurements conducted on four specimens: a viscoelastic polymethyl-methacrylate (PMMA) sample, and two water-and one glycerol-saturated sandstone samples. The experimental tests were performed at various axial (PMMA sample) and confining (sandstone samples) pressures. The measurements conducted on the PMMA sample and saturated sandstones revealed prominent extensional attenuation and significant dispersion of the Young's modulus. Our analysis shows that the quantitative relationship between the extensional attenuation and the Young's modulus is consistent with the causality principle presented by the Kramers-Kronig relationship. No particular physical models implying any constraints on the physical properties of the samples are required for this validation.
Introduction
The progress of the modern methods of geophysical exploration is tightly linked to the development of the new effective indicators distinguishing the types of reservoir rocks and fluids. The attenuation and moduli dispersion of a reservoir rock, being direct signs of anelasticity, are an important source of information about the key characteristics of the subsurface interior such as rock composition, permeability, pore fluid properties, and saturation. The numerous theoretical and laboratory studies, which examined the opportunity of using the attenuation and dispersion attributes as indicators of reservoir properties, led to the development of the laboratory techniques and instruments enabling to measure simultaneously elastic moduli and attenuation in the seismic-frequency (SF) range [see, e.g., Jackson and Paterson, 1987; Spencer, 1981; Batzle et al., 2006 , Adelinet et al., 2010 Tisato and Madonna, 2012] .
One of the central problems that emerge when using the SF devices is the acoustic resonances occurring in the mechanical parts of the devices, which overlap and distort the signals obtained from the sample [Adam et al., 2009] . The solution of this problem requires a diagnostic instrument to validate the quality of experimental data, which would be able to corroborate the physical nature of the detected signals, in other words, monitor the artefacts caused by uncontrolled experimental conditions. Considering that the measurements of attenuation and elastic moduli are independent and take place in the same frequency range, it appears natural to use the consistency of the experimental data with the casualty principle as a quality control measure.
Mathematically, the causality principle is often expressed through Kramers-Kronig equations, which link real and imaginary parts of a complex function that controls wave propagation in medium, such as a complex wave number or a complex elastic modulus. For acoustic waves, a convenient approximate form of Kramers-Kronig relations (KKR) was found by O'Donnel et al. [1978] , who derived an expression linking a phase velocity with attenuation at a specific frequency, which was successfully used for validating the results of the ultrasonic experiments conducted on hemoglobin solutions. Later, O'Donnel et al. [1981] presented a model of attenuation for the class of loss mechanisms associated with relaxational phenomena, which was applied to validate the ultrasonic data obtained for materials exhibiting relaxation such as polyethylene and CoSO 4 -water solution. A relaxation model with a Cole-Cole distribution of relaxation times was used by Spencer [1981] for verification of the attenuation and Young's modulus dispersion measurements carried out on liquid-saturated sandstone, limestone, and granite at seismic frequencies. Dvorkin and Mavko [2006] developed a model of the attenuation estimation based on the standard linear solid approximation that links the attenuation to the corresponding elastic modulus. It should be noted that the attenuation models elaborated in O'Donnel et al. [1981] and Spencer [1981] and Dvorkin and Mavko [2006] are based on assumptions of the physical properties of materials which go beyond the casualty principle and have a restricted area of application.
The aim of this paper is to illustrate the applicability of KKR for validating the data obtained in SF experiments. It is shown that for the subresonance type of SF measurements, the relation between the measured Young's modulus and extensional attenuation can be verified using an approximation of KKR, whereby the reliability of SF tests might be significantly enhanced. We emphasize that no assumption about the physical characteristics of materials is necessary for this validation.
Kramers-Kronig Relation for the Young's Modulus
Let us consider an isotropic viscoelastic material regarded as a dynamic system for which the stress-strain relationship is linear and whose mechanical property is characterized by the complex Young's modulus
where E m = |E*(ω)| is the absolute magnitude of the Young's modulus E*; the real E′ and imaginary E″ parts of E* are the storage and loss moduli, correspondingly; φ(ω) is the phase angle between the force applied to the sample and its displacement (loss angle), and ω = 2πf, f is the frequency of the periodical stress σ. Christensen [1982] showed that if the imaginary part E″ is slowly changing with respect to frequency, the nearly local approximation of the integral Kramers-Kronig equations relating the loss modulus E″ at a specific frequency ω to the local frequency derivative of the storage modulus E′ takes the form
Taking into account that the extensional attenuation defined as the inversed quality factor Q À1 E and the phase angle φ(ω) are connected by the relation
and dividing both parts of equation (2) by E′(ω), we find the relationship connecting attenuation Q À1 E and storage modulus E′(ω):
which yields the expression for E′ at a frequency f
Taking into account that modulus dispersion and attenuation are usually considered on a logarithmic frequency scale, equation (5) can be transformed to
where e is Euler's number, lg is the decimal logarithm, and E ′ 0 is the storage modulus measured at some reference frequency f 0 .
If the magnitude of attenuation is small Q À1 E ≪1, equations (3) and (6) can be simplified to Q À1 E ≈φ;
and
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Equations (5), (6), and (8) connect the attenuation and storage modulus and can be used for verification of the SF experimental data. Equations (7) and (8) are strikingly simple and allow visual check of causality by comparing the behavior of the storage modulus and phase angle. However, for calculations it is more accurate to use the full expressions (5) or, equivalently, (6).
It should be pointed out that the relationships identical with equation (2) were also derived for imaginary and real parts of two other commonly used characteristics of viscoelastic materials: complex compressibility [O'Donnel et al., 1978 [O'Donnel et al., , 1981 and complex shear modulus [Booij and Thoone, 1982] .
Experimental Setup
In this study we used two versions of the SF apparatus, with and without confining pressure, which measures the Young's modulus and extensional attenuation of a specimen at strain magnitudes of 10 À8 to 10 À6 (Figure 1 ).
For the measurements on the polymethyl-methacrylate (PMMA) sample, we used the simplified uniaxial configuration presented in Figure 1a , when for the tests carried out on the sandstone samples, we used the configuration comprising the Hoek triaxial cell as it is shown in Figure 1b . The detailed description of the SF apparatus and its operation is presented in Mikhaltsevitch et al. [2014] .
Samples and Experimental Procedure
We apply equation (8) to the experimental data obtained at seismic frequencies for four specimens: a cylindrical viscoelastic PMMA sample, two low-permeability sandstone samples retrieved from the regions of Donnybrook and Harvey, Western Australia, and one Berea sandstone sample. The parameters of the PMMA sample, which for convenience is designated as sample A, are length-150.0 mm, diameter-38.0 mm, and density-1185 kg/m 3 . The petrophysical parameters of the samples, which we denote as samples B (Donnybrook), C (Harvey), and D (Berea), are presented in Table 1 .
The Young modulus E is determined as follows. The periodic stress σ zz provided by the multilayer piezoelectric actuator can be expressed as
where ε st zz and ε zz are the amplitudes of the longitudinal strains measured in the standard and specimen, correspondingly, and E st is the Young's modulus of the standard. Therefore, the Young's modulus E is 
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In our measurements the attenuation Q
À1
E is found as a phase angle φ between the force applied to the sample and its displacement [O'Connell and Budiansky, 1977] .
The experimental procedure in our study was as follows. Sample A was measured at axial pressures of 7 and 15 MPa; no lateral pressure was applied. Sandstone samples B, C, and D were measured in dry and liquid-saturated states. The sandstones were saturated with deionized water (samples B and C) and glycerol (sample D). The measurements on sample B in dry and saturated states were performed at confining pressures of 2.5, 7, and 15 MPa and an ambient pore pressure (~0.1 MPa). Dry sample C was measured at confining pressures of 9 MPa and 23 MPa and an ambient pore pressure. The measurements for water-saturated sample C were performed at confining pressures of 15 MPa and 29 MPa and a pore pressure of 6 MPa, so the differential pressure (confining pressure minus pore pressure) was unchanged. The SF experiments with the samples B and C were carried out at room temperature (22°C). Dry sample D was tested at a confining pressure of 10 MPa and an ambient pore pressure under a temperature of 23°C. The measurements on glycerol-saturated sample D were carried out at a confining pressure of 13 MPa and a pore pressure of 3 MPa under temperatures of 23, 31, and 37.5°C. The frequency range of the periodic stress used in the tests was 0.1-100 Hz for samples A and B, 0.1-120 Hz for sample C, and 0.01-100 Hz for sample D. The number of signal averages in our experiments was 100.
Experimental Results
The experimental results obtained for all samples are presented in Figures 2-5 . The error bars for the moduli estimates were computed in accordance with the uncertainty analysis procedure developed for SF measurements in Adam et al. [2009] . The dependences of the extensional attenuation and Young's modulus on frequency of the sinusoidal stress applied to sample A obtained for two static axial pressures are presented in Figure 2 . In Figures 3  and 4 one can see the results of the attenuation and Young's modulus measurements carried out on sandstones B Let us note that the attenuation and dispersion observed in sample A represent a typical behavior of acrylic plastic in the seismic frequency range [Spencer, 1981; Tisato and Madonna, 2012] . The physical nature of the attenuation and modulus dispersion observed in samples B, C, and D was discussed previously in our publications [Mikhaltsevitch et al., 2013 [Mikhaltsevitch et al., , 2015 and is beyond the scope of this paper.
Calculation of Dispersion from Attenuation
The simplest approximation of equation (6) suitable for computing the dependence of the storage modulus E′(f) from attenuation data can be presented in the form
Here L is the number of the measurement frequencies f i corresponding to the number of the measured stress-strain phase angles φ i .
More accurate approximation can be achieved using cubic splines for data interpolation (see, e.g., Yang et al. [2005] ) as
where M is the number of the breakpoints chosen for the spline interpolation and e φ is the cubic spline function used for the interpolation of a given set of the measured phase values E and (B) Young's moduli measured and computed using KKR for the sample C in dry and water-saturated conditions at two confining pressures of 9 MPa and 29 MPa; the pore pressure is ambient in dry state and 6 MPa under saturated conditions.
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Using equation (12), we have computed the dependences of the Young's modulus from attenuation data. The results of numerical integration, presented in Figures 2b-5b , demonstrate a good match between the dependences of the measured Young's moduli and Young's moduli computed using KKR. Thus, we conclude that the attenuation and dispersion measurements are consistent with the causality principle. This indicates that the dispersion and attenuation have a common physical source.
Conclusions
In this paper we present a method relating to the application of the Kramers-Kronig relation for verification of the laboratory measurements of the extensional attenuation and Young's modulus carried out on the solid specimens at seismic frequencies. The method was applied to the results of the SF tests conducted on a set of samples comprising a viscoelastic PMMA sample, two sandstone samples excavated in Donnybrook and Harvey, Western Australia, and one Berea sandstone sample. The measurements on the sandstones were performed under dry, water-(Donnybrook and Harvey), and glycerol-saturated (Berea) conditions. It was demonstrated that the quantitative relationship between the extensional attenuation and frequency dependence of the Young's modulus measured for the PMMA sample and all sandstones is consistent with the causality principle expressed by the Kramers-Kronig relationship. 
